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DISTRIBUTED ORDER DIFFERENTIAL EQUATIONS
MODELLING DIELECTRIC INDUCTION AND DIFFUSION

Michele Caputo

Abstract

Distributed order di�erential equations (Caputo 1995, Bagley and Torvik
2000a, 2000b) are introduced in the constitutive equations of dielectric media
and in the di�usion equation. To model induction phenomena the distributed
order di�erential operators act on the induction and on the applied electric �eld,
to model di�usion phenomena the distributed order di�erential operators acts
on the �ux and on the pressure gradient. The solution of the classic problems
of dielectrics and of di�usion are �rst found in the frequency domain, with
a discussion of their �ltering properties, and then obtained, with closed form
formulae, also in the time domain. For the dielectric media the Green function
is decreasing asymptotically to zero and acts on the input as a low pass �lter.
The Green function is found for the classic problem of the di�usion, it acts also
as a low pass �lter. The major di�erence with the case when a single fractional
derivative is present in the constitutive equations of dielectric media, and also
in the di�usion equation, is that the solutions found here and the associated
�lters are potentially more �exible to represent more complex systems (Caputo
1995).
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1 Introduction
The use of fractional order derivatives to model physical phenomena has been
di�used in the last few decades in basic mathematics ( Bagley and Torvik 2000a
and 2000b, Caputo 1994 and 1995, Flores and Osler 1999, Kiryakova 1994,
Luchko and Goren�o 1999, Oldham and Spanier 1974, Podlubny 1994a, 1994b
and 1999, Ross 1975) and in applied research (Bagley 1991, Bel�ore and Caputo
2000, Caputo 2000, Caputo and Plastino 1998 and 1999, Jacquelin 1984 and
1991, Körnig and Müller 1989, Le Mehaute and Crépy 1983, Mainardi 1993,
Wyss 1986).

Fractional di�erential equations consisting of sums of fractional order deriva-
tives have been extensively studied by Podlubny (1994a, 1994b, 1999). Frac-
tional di�erential equations where the order of di�erentiation has been inte-
grated over a given range, and therefore there is no single order of di�erentiation,
have been introduced and studied (Caputo 1967, 1995) in order to represent phe-
nomena where the order of di�erentiation varies in a given range. Bagley and
Torvik (2000a and 2000b) studied extensively these distributed order di�erential
equations (DODE) and developed a very interesting mathematical theory.

In this note we shall use DODE in modelling the phenomena of anelasticity
and dielectric induction and of di�usion, which have been already considered
in the literature with constitutive equations containing fractional derivatives of
a given order (Bagley 1991, Mainardi 1996, Schneider and Wyss 1989, Caputo
2000), assuming now that the fractional order is integrated over a given range.

Concerning the dielectric induction we will �nd the response to a generic
perturbation for the di�usion, a half space is modelled where the boundary
values are applied to the plane limiting it, the problem solved is the computation
of the Green function of the pressure in the cases when a pressure, constant in
time, is applied on all the surface of the boundary plane, while the half space is
initially at zero pressure.

All problem are solved with the use of the Laplace Transform (LT), closed
form formulae are obtained in the time domain for the response to perturbation
in dielectrics and in the di�usion of pressure.

2 The DODE time domain solution for dielectric
media

The interpretation of the observed broadening of the spectral lines in all physical
phenomena is generally made assuming an exponential decay of the modes, often
without the support of a physical model, sometime on the generic assumption
of non linearity as the cause of the phenomenon.

The almost frequency independent speci�c dissipation (constant Q model),
which is observed in the decay of the free modes of anelastic materials, led to
models of the stress-strain relations, represented with the introduction of time
in the relations, which imply the observed Q. The same models should naturally
represent also the dispersion of the waves.
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The most succesfully used stress-strain relations in the representation of the
dispersion and of the dissipation in anelastic media are those which contain
fractional order derivatives (FOD), as shown by Bagley (1991) and Körnig and
Müller (1989). In the frequency domain they lead to relations, between stress
and strain, and to indexes of refraction in which the imaginary frequency appears
elevated to a rational power.

In the practical works with dielectrics the most used representation of the
frequency dependent dielectric parameter is that of Cole and Cole (1941) in
which the relation between the applied electric �eld and the induction contains
the imaginary frequency elevated to a rational power. Caputo and Mainardi
(1971) showed that this type of constitutive equation in the frequency domain
implies, in the time domain, a relation containing a fractional order di�eren-
tiation. Therefore, also for dielectric media, in the time domain, the relation
between the applied electric �eld and the induction is expressed by means of
FOD.

Concerning the physical implications of the introduction of the FOD, we may
qualitatively consider this type of derivative as representative of the memory of
the medium relative to its precedent physical conditions. From a quantitative
and rigorous point of view the derivative of rational order implies a multivalued
index of refraction and therefore (Caputo 1996) a monochromatic electromag-
netic wave, incident the medium with memory with direction normal to its
surface, or originated by a source in the medium itself, will split into a set of
waves with the same frequency, but di�erent wavelengths and velocities, which
interfere, have beats and tunnels. It has been shown by Cisotti (1911) that the
memory introduced in the dielectric constant implies that the phenomenology
of the medium is irreversible. It has been shown also that, in anelastic media,
the stress strain relations with FOD are causal (Bagley (1991).

In an extensive study of energy storage in electric networks Jacquelin (1984,
1991) used the complex frequency dependent impedance represented by inserting
FOD in the relation between the induced electric current and the electric �eld.
Jacquelin (1984, 1991) discussion is practically extended to almost all possible
circuits; he illustrates his results in the frequency domain at steady state, when
the Fresnell terms of the fractional order derivatives are nil, and his technique,
based on the observations at many frequencies, relies on convolution for the
retrieval of the response in the time domain.

In general we may state that the formalism of FOD is now spread to many
linear approaches of the studies of dissipative and dispersive properties of many
anelastic and dielectric media (e.g. Caputo 1967, 1976, 1996, Caputo and
Plastino 1998, Bagley 1991, Jacquelin 1984, 1991, Körnig and Müller 1989,
Le Mehaute and Crépy 1983, Mainardi 1993, Pelton et al. 1983).

In this note we will consider an extension, of the constitutive relations in
which FOD are present, to the case when the memory mechanism operating
in the medium is represented by FOD whose order covers a continuum in a
given range. Expressing this concept with formulae we begin with the basic
constitutive equation of elastic and dielectric media in one dimension which is
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generally written

d(t) = ε e(t) (1)

where, in the case of anelastic media, d(t) is the stress and e(t) the strain,
ε is the elastic parameter, in the case of dielectric media, d(t) is the induction,
e(t) is the electric �eld and ε is the dielectric constant. We will devote here our
attention to the dielectric media, the extension of the following considerations
to the anelastic media is almost obvious.

In this note we will assume that (1) be in fact

(1/(b− a))
∫ b

a

α(z)e(z)(t)dz + βe(t) = (1/(f − c))
∫ f

c

γ(z)d(z)(t)dz + δd(t) (2)

where 0 ≤ c < f < 1, 0 ≤ a < b < 1,

f (z)(t) = ∂zf(t)/∂tz = (1/Γ(1− z))
∫ t

0

f ′(u)du/(t− u)z (3)

α(z) and γ(z) have dimension of sz, β and δ are dimensionless and 0 < z <
1. The division by the length of the interval of integration will normalise the
operation and ensures that, when b → a, the integration will lead to the simple
FOD of order a . Taking the LT of both sides we �nd

E(s)

[
(1/(b− a))

∫ b

a

szα(z)dz + β

]
= D(s)

[
(1/(f − c))

∫ f

c

szγ(z)dz + η

]

(4)

where s is the LT variable, E(s) and D(s) are the LT of d(t) and e(t)
respectively and it is assumed that e(0) = d(0) = 0. To go from (2) to (3) we
used the property of the interchange between the integrals with respect to z and
that of the LT and also the property concerning the LT of a FOD which is here
specialised to the case when n = 0 (Caputo 1967)

LT (∂zf/∂tz) = szF (s)− sz−1f(0) (5)

We will discuss here the case of interest, for the possible applications when
solving inverse problems, when α(z) = α, γ(z) = γ with γ and α constant, (2),
in this case, is

D = E
[
(α/(b− a))(sb − sa)/log(s) + β

]
/

[
(γ/(f − c))(sf − sc)/log(s) + η

]
(6)
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D(s) = E(s)βΩ(s, a, b)Ψ(s, c, f)/η = E(s)Λ(s)

Λ(s) =
[
(α/(b− a))(sb − sa)/log(s) + β

]
/

[
(γ/(f − c))(sf − sc)/log(s) + η

]

where

Ψ(s, c, f) = 1/
{
(γ/(f − c)η)(sf − sc)/ln(s) + 1

}
(7)

Ω(s, a, b) = (α/(b− a)η)(sb − sa)/ln(s) + 1

d = (η/β)
{
LT−1 [Ψ(s, c, f)]

}
?

{
LT−1 [Ω(s, a, b)/s]

}
? e′ (8)

Which is the formal solution of the direct problems in the LT domain, of the
computation of d(t) when e(t) is given. The real and imaginary parts of the
dielectric constant is illustrated in �gures 1 and 2. In �gures 3 and 4 is shown
the di�erence between the case considered here of distributed order fractional
derivatives and of single order fractional derivative; note that the order of the
single order derivative is median of the interval of distributed order derivatives.

The �ltering properties of the factor of E(s) in equation (6) are expressed by

|Λ(ω)| = ((f − c)/(b− a))

∣∣α2(ω2b − ω2a) + (b− a)2β2 − 2α2ωa+b cos(b− a)π/2− 2αβ(b− a)

(8')

(ωb cos(b)π/2− ωacos(a)π/2
∣∣1/2

/
∣∣γ2(ω2f − ω2c) + (f − c)2η2 − 2γ2ωf+c

cos(f − c)π/2− 2γη(f − c)(ωf cos(f)π/2− ωccos(c)π/2
∣∣1/2

and it is veri�ed that

lim
ω→∞

Λ(ω) = 0

when b < f
lim

ω→∞
Λ(ω) = ∞

when b >f
lim

ω→∞
Λ(ω) = α(f − c)/γ(f − a)

when b = f
lim
ω→0

Λ(ω) = β/η
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which imply the possibility of low and high pass �ltering as shown in �gure
5.

In the simpler case when γ = 0 the function ψ(t, a, b) = LT−1Ψ(s, a, b) is
given in equations (A1) and (A2) of the appendix A, we obtain

e(t) = (η/β)d(t) ? ψ(t, a, b) =

= (β/ηπ)d(t) ?

∫ ∞

0

exp(−rt)
{[

Arb sin(bπ)−Ara sin(aπ) + π
]
log(r)+

−π
[
Arb cos(bπ)−Ara cos(aπ) + log(r)

]}
dr/ (9)

{[
Arb cos(bπ)−Ara cos(aπ) + log(r)

]2
+

[
Arb sin(bπ)−Ara sin(aπ) + π

]2}

where A = α/β(b− a).
The function ψ(t, a, b) is monotonically decreasing with increasing t , more-

over ψ(∞, a, b) = 01−band ψ(0, a, b) = ∞1−a. The speci�c dissipation Q−1(ω) =
ImΨ(iω, a, b)/ReΨ(iω, a, b) has the values Q−1(0) = 0 and Q−1(∞) = tan(bπ/a).
The �ltering acting on d(t) is represented by Ψ(s, a, b) and is a low pass �lter
with values Ψ(0, a, b) = 1 and Ψ(∞, a, b) = 0.

The direct problem, when E(s) is given and D(s) is computed from (5), has
an apparent complication since it is readily seen that the LT of the response
function is not converging for s → ∞. However we may go around this with a
little arti�ce, we write the equation (5) as follows dividing and multiplying by s

D(s) = (β/η)sE [αK(s, a, b)/β(b− a) + 1/s] ,

Ω(s, a, b)− 1 = K(s, a, b) = (sb − sa)/slog(s) (10)

κ(t, a, b) = LT−1K(s, a, b) is discussed in appendix A (equation (A2')) which,
since e(0) = 0, gives

d(t) = (β/η) {e(t) + e′(t) ? (α/β(b− a))κ(t, a, b)} =

= (β/η)
{

e(t) + e′(t) ? (α/(β(b− a)π)
∫ ∞

0

exp(−rt)
[
rb−1(log(r sin(bπ))−

+π cos(bπ))− ra−1(log(r sin(aπ))− π cos(aπ))
]
dr/

[
(log(r))2 + π2

]}
(11)

or

d(t) = (β/η)e′(t) ?

{
1 + (α/β(b− a)π)

∫ ∞

0

exp(−rt)
[
rb−1(log(r sin(bπ))−
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+π cos(bπ))− ra−1(log(r sin(aπ))− π cos(aπ))
]
dr/

[
(log(r))2 + π2

]}

The function κ(t, a, b) is a monotonically decreasing function of t, as dis-
cussed in appendix A where we �nd κ(∞, a, b) = 0a and κ(0, a, b) = ∞b.

The �lter K(s,a,b) acting on e′(t) is a low pass �lter with values K(0, a, b) =
∞, K(∞, a, b) = 0.

The explicit time domain form of (6) is obtained with the combined use of
both functions κ(t, a, b) and ψ(t, c, f) we �nd

d(t) = (β/η) {e(t) + e′(t) ? (α/(β(b− a))κ(t, a, b)} ? {ψ(t, c, f)} =

= (β/η)
{

e(t) + e′(t) ? (α/β(b− a)π)
∫ ∞

0

exp(−rt)
[
rb−1(log(r sin(bπ))−

+π cos(bπ))− ra−1(log(r sin(aπ))− π cos(aπ)
]
dr/

[
(log(r))2 + π2

]}
? (12)

∫ ∞

0

exp(−rt)
{[

Brf sin(fπ)−Brc sin(cπ) + π
]
log(r)− π

[
Brf cos(fπ)−

+Brc cos(cπ) + log(r)]} dr/
{[

Brf cos(fπ)−Brc cos(cπ) + log(r)
]2

+

+
[
Brf sin(fπ)−Brc sin(cπ) + π

]2}

where B = γ/η(f − c).
Concerning the �ltering properties of the general case α, β, γ, η 6= 0 we

consider the particular case when b = f. It is seen that when β/η < (α/γ)(f −
c)/(f − a) the �ltering is a high pass. When β/η > (α/γ)(f − c)/(f − a) the
�ltering is a low pass. It is also seen that when the percent of e(t) subject to
memory is larger than that in d(t) (that is α/β(f − a) > γ/η(f − c)) then the
memory is a high pass �lter ; when instead the percent of memory in d(t) is
larger than that in e(t) (that is α/β(f − a) < γ/η(f − c)) then the memory is
a low pass �lter as is illustrated in �gure 5.

3 The di�usion
The studies of di�usion in porous media are very important in various �elds
of science and also for social needs especially in the case of water and pollu-
tants. The di�usion is presently modelled to represent the diversi�ed forms of
deviations from the classic constitutive law and several complex mathematical
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methods for modelling the phenomenon have been introduced, ranging from
non linearity to statistical mechanics and memory formalisms.

Concerning the di�usion we will consider one-dimensional problems in a half
space bounded by a plane where we assume the origin of the x axis oriented
positive towards the medium and the classic constitutive equation of Fick or
Darcy binding the �ux q(x,t) to the gradient of the pressure u(x,t)

q(x, t) = − p ρ0 grad(u(x, t)) (13)

where ρ0 is the density of the �uid in its undisturbed condition and p the
ratio of the permeability of the medium to the �uid viscosity.

Christakos et al. (1995) used stochastic diagrammatic analysis of ground-
water �ow in heterogeneous porous media, Barry and Sposito (1989 ) found
an analytical solution of a convection dispersion model with time dependent
transport coe�cient, Hu and Cushman (1991) used a non equilibrium statisti-
cal mechanical derivation of a non-local Darcy's law for unsaturated/saturated
�ow.

Here we will generalise the constitutive equation (13) then write as follows

(1/(f − c))
∫ f

c

[γ(∂z/∂tz)q(x, t)] dz + ηq(x, t) =

= −(1/(b− a))
∫ b

a

[α(∂z/∂tz)grad(u(x, t))] dz − βgrad(u(x, t)) (14)

where η, γ, α and β are parameters with the appropriate dimensions obvi-
ously di�erent than in equation (2) ; the same letters of equation (2) are used
in order to symplify the discussion since equation (2) and equation (14), from
the point of view of the memory are formally the same .

Taking the LT of (14), indicating with s the LT variable and with U(x,s)
and Q(x,s) the LT of the pressure and the �ux respectively, we obtain

(1/(f − c))
∫ f

c

[
γszQ(x, s)− γsz−1q(x, 0)

]
dz + ηQ(x, t) =

= −(1/(b−a))
∫ b

a

[
αszgrad(U(x, s))− αsz−1grad(u(x, 0))

]
dz−βgrad(U(x, t))

(15)

Q(s, x)

{
(γ/(f − c))

∫ f

c

szdz + γ

}
− (γ/(f − c))q(x, 0)s−1

∫ f

c

[sz] dz =

= −grad(U(x, s))

{
(α/(b− a))

∫ b

a

szdz + β

}
+(α/(b−a))grad(u(x, 0))

∫ b

a

sz−1dz
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Performing the integrations we �nally �nd the LT version of the constitutive
equation relating the gradient of the pressure to the �ux

(γ/(f − c))
[
(sf − sc)/log(s)

]
Q(x.s)− (γ/(f − c))((sf−1 − sc−1)/

log(s))q(x, 0)+ηQ(x, s) = −(α/(b−a))
[
(sb − sa)/log(s)

]
grad(U(x, s))+ (16)

+(α/(b− a))((sb−1 − sa−1)/log(s))grad(u(x, 0))− βgrad(U(x, s))

where, to simplify the algebra, we will assume that

q(x, 0) = 0

grad(u(x, 0)) = 0

(16')

(or u(x, 0) = constant)

The �lter acting on grad U is Λ(s), the same as that acting on E(s) of
equation (6), is therefore valid also for grad U the discussion made for the
�ltering acting on E(s).

Then we must consider the constitutive equation which binds the pressure of
the �uid u(x,t) to the density ρ(x, t) which appears in the continuity equation,

u = kρ(x, t) (17)

where k is a constant.
Equation (17) could contain a memory formalism since the �uids are elastic

and some of their physical and/or chemical properties may change in time due
to interactions with the medium.

A memory formalism in the constitutive equation (17) was formally consid-
ered in a previous study (Caputo 2000), in the present discussion we will neglect
these interaction and assume that they are transferred to the memory inserted
in the constitutive equation (14).

Finally we must also consider the continuity equation

∂q(x, t)/∂x + k∂ρ(x, t)/∂t = 0 (18)

which is associated to the time derivative form of equation (17)

∂u(x, t)/∂t = k∂ρ(x, t)/∂t (19)
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to give

∂q(x, t)/∂x = −∂u(x, t)/k∂t (20)

or taking the LT of both member

∂Q(x, t)/∂x = −sU(x, s)/k + u(x, 0)/k

(20')
Comparing equations (20') and (16) we �nally �nd

∂Q(x, s)/∂x =

= −{
(α/(b− a))

[
(sb − sa)/log(s)

]
+ β

}
/

{
(γ/(f − c))

[
(sf − sc)/log(s)

]
+ η

}

∂2U(x, s)/∂x2 + s−1
[
(γ/(f − c))((sf − sc)/log(s))∂q(x, 0)/∂x− (α/(b− a))

((sb−1 − sa−1)/log(s))∂2u(x, 0)/∂x2
]
/((1/(f − c))

[
γ(sf − sc)/log(s) + η

]
)

or, considering the conditions (16'),

∂Q(x, s)/∂x =

= − [{
(α/(b− a))

[
(sb − sa)/log(s)

]
+ β

}
/

{
(γ/(f − c))

[
(sf − sc)/log(s)

]
+ η)

}]

∂2U(x, s)/∂x2

∂2U(x, s)/∂x2 =

[{
(γ/(f − c))

[
(sf − sc)/log(s)

]
+ η

}
/

{
(α/(b− a))

[
(sb − sa)/log(s)

]
+ β

}]

{sU(x, s)/k − u(x, 0)/k} (21)

We should now ask ourselves how to select the values of the parameters η, γ,
α, β for the applications. To this purpose we should discuss equation (21) and
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�rst distinguish between slow and fast di�usion. To this aim it is worthwhile to
consider the following two cases 1) β = γ = 0 and 2) α = η = 0.

In case 1) the memory acts on the �ux and gives to the previous values of
the �ux weights which are decreasing as is increasing the time separation from
the beginning of the �ux. In case 2) the memory acts on the pressure gradient
and gives to the previous values of the pressure gradients weights which are
decreasing as is increasing the time separation from the beginning of the pressure
gradient.

In case 1) (β = γ = 0) equation (21) is

∂2U(x, s)/∂x2 =

= {sU(x, s)/k − u(x, s)/k}{
η/(α/(b− a))

[
(sb − sa)/log(s)

]}
(22)

Taking the limit of equation (22) for b → a, since 0 < a < b < 1 and
0 < 1− b < 1 it is seen that equation (22) reduces to the case of slow di�usion
and therefore for analogy we will say that case 1), when the memory acts on the
�ux, is of slow di�usion since the integration is taken over a range of z contained
in the range [0,1].

In the case 2) (α = η = 0) equation (21) is

∂2U(x, s)/∂x2 =
{
(γ/(f − c))

[
(sf − sc)/log(s)

]
/β

} {sU(x, s)/k − u(x, 0)/k}
(23)

Taking the limit of (23) for f → c it is seen that, since 0 < c < f < 1 and
2 > 1 + f > 1, equation (23) takes the form of that of fast di�usion. We will
therefore say that in case 2), when the memory acts on the pressure gradient, the
equation (21) represents a fast di�usion which we will consider in the following.

More generally considering the equation (21) we note that for large values
of s, in the case 1), taking the limit forf → c we obtain the case studied
by Caputo (1999) where the velocity of propagation of the maximum pressure
caused by a pulse of pressure at the boundary is x−[1−(b−f)]/[1+(b+f)]; we now
consider the constitutive equation (16) for su�ciently large values of s which,
with the conditions (16'), is

Q(x, s) = −((f − c)α/(b− a)ε)sb−fgrad(U(x, s))

(23')
and therefore when f < b the �ux results from a high pass �ltering of the

gradient pressure and the velocity of propagation of the peaks of the pressure
decreases less rapidly with increasing x than in the case when f > b and the
�ux results from a low pass �ltering of the pressure gradient. In other words we
�nd that, in general, the slow di�usion is associated to a high pass �ltering of
the pressure gradient while the fast di�usion is associated to a low pass �ltering.
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The reference di�usion is therefore for f = b which separates the slow from the
fast di�usion.

Concerning the �ltering properties associated to equation of the constitutive
equation (16), with the conditions (16'), in the general case we see that when
f > b it is a high pass �ltering while when f > bit is a low pass �ltering. When
b = f and α(f − c)/γ(f − a) > β/η (that is when the percent of memory acting
on grad(p(x,t)) is larger than that acting on q(x,t) it is a high pass �ltering while
when α(f − c)/γ(f − a) < β/η (that is when the percent of memory acting on
grad(p(x,t)) is smaller than that acting on q(x,t) it is a low pass �ltering as is
illustrated in �gure 5.

We will now consider the signalling problem in the case when u(0, t) = P ,
u(x, 0) = 0 noting that they satisfy the condition (16').

The formal solution of equation (21) is

U(x, s) =

= A(s)exp
[
x

(
(γ(sf+1 − sc+1)/(f − c)log(s) + ηs)/k(α(sb − sa)/(b− a)

log(s) + β))1/2
]

+ B(s)exp
[−x

(
(γ(sf+1 − sc+1)/(f − c)log(s) + ηs)/

k(α(sb − sa)/(b− a)log(s) + β)
)1/2

]
(24)

The LT domain solution converging at in�nity in the half space and satisfying
the boundary and initial condition, that is when u(0, t) = P , u(x, 0) = 0 (a
signalling problem), is then

U(x, s) =

= (P/s)exp
[−x

(
(γ(sf+1 − sc+1)/(f − c)log(s) + ηs)/k(α(sb − sa)/

(b− a)log(s) + β))1/2
]

(25)

The solution in the time domain is therefore

u(x, t) = P ? σ(x, t), σ(x, t) = LT−1
∑

(x, s)

∑
(x, s) = exp

[−x
(
(γ(sf+1 − sc+1)/(f − c)log(s) + ηs)/k(α(sb − sa)/

(b− a)log(s) + β))1/2
]

(26)
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The possibility of the existence of the LT−1 of (26) is ensured since 1+f > b.
With the EVT it is veri�ed that σ(x, 0) = 0, σ(x,∞) = 0 and that the initial

and boundary conditions for u(x,t) are also satis�ed.
In the following we will consider the simpler signalling case α = 0, β = 1,

η = 0 of fast di�usion, we �nd from (25)

U(x, s) = −(P/s)exp
[
−x

(
(γ(sf+1 − sc+1)/(f − c)log(s))/k

)1/2
]

(27)

Introducing σ(x, t) found in equations (A3) through and (A10) of the Ap-
pendix A we obtain

u(x, t) = (1/π)P ?

∫ ∞

0

exp(−rt)

{
exp

[
W (U2 + V 2)1/4cos((0.5) tan−1(V/U))

]}

sin((0.5)tan−1(V/U))dr (28)

where

l = rf cos(fπ)− rc cos(cπ), m = rf sin(fπ)− rc sin(cπ), C = (γ/(f − c))1/2

(29)

W = −xC(r/((log(r))2 + π2)1/2), U = −l log(r)−mπ, V = −m log(r)+lπ

Performing the convolution we �nd the �nal solution

u(x, t) = (P/π)
∫ ∞

0

[(1− exp(−rt))/r]

{
exp

[
W (U2 + V 2)1/4cos((0.5) tan−1(V/U))

]}

sin((0.5)tan−1(V/U))dr (30)

The �lter
∑

(x, s) acting on the boundary value P of (29) is a low pass �lter,
it has values

∑
(x,∞) = 0,

∑
(x, 0) = exp(−x(γ/kβ)1/2).

σ(x, t) may be considered the Green function of the problem discussed, that
is when u(0, t) = k, u(x, 0) = 0.

In similar manner is found the solution of the other classic problem when
u(x,0) = P = constant, u(0, t) = 0, (Cauchy problem), we �nd

U(x, s) = (P/s)
{

1− exp
[
−x

(
(γ(sf+1 − sc+1)/(f − c)log(s))/k

)1/2
]}

whose inverse LT is readily obtained from equation (28).
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4 The �ux
We see in this paragraph that the equation governing the di�usion written with
the pressure as unknown is the same as that write with the �ux as unknown.
In fact eliminating U(x,t) between equations (16) and (21) we �nd

∂2Q(x, s)/∂t2 =

= [sQ(x, s)/k]
[
(γ/(f − c))(sf − sc)/log(s) + η

]
/

[
(α/(b− a))(sb − sa)/

log(s) + β] + (∂u(x, 0)/∂x)/k

The same property is valid also for a generic constitutive equation of the
type

F2(s)∂U(x, s)/∂x = −Q(x, s)F1(s)

However we note that the solutions found for the pressure are associated to
the boundary and initial problems of the pressure and therefore they are valid
only for the corresponding problem of the �ux.

If we want the �ux caused by the pressure distribution of the signalling
problem of pressure, for instance, we must substitute the LT of the pressure
gradient in constitutive equation (16) and �nd its solution with the LT inversion.

The solutions is obtained isolating Q(x,s) is equation (16), �nding the inverse
LT of the factor of grad U(x,s) and use the convolution theorem since grad u(x,t)
is known with the same boundary and initial conditions.

Appendix A. Computation of some LT−1used in
the present note.
We shall perform here the computation of some LT−1 appearing in the previous
sections and begin with ψ(t) = LT−1Ψ(s, f, c) of formula (7)

ψ(t) = LT−1Ψ(s, f, c) = LT−1
[
1/

{
γ/β(f − c))(sf − sc)/ln(s) + 1

}]

(A1)
It may seem that the function Ψ(s, c, f) in (B1) has a pole in s = 1, however

it is readily veri�ed that limp→1 Ψ(s, c, f) = 1/ {(γ/β(f − c)) + 1}. It is also
veri�ed that limp→0 Ψ(s, c, f) = 1. TheLT−1Ψ(s.c.f) is obtained integrating
LT−1Ψ(s, c, f)exp(st) along the path of �gure 6 extending the outer radius to
in�nity and the inner one to zero. Setting s = rexp(iθ) with r and θ polar
coordinates in the complex plane, we �nd that, when r →∞, the contributions
from all parts of the circuit are nil except those on the negative real axis and
on the straight line in the positive real plane and obtain (e.g. Caputo 1994)
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ψ(t) = (1/2iπ)
∫ 0

∞
exp(−rt)dr/

[
1 + A

{
rfexp(ifπ)− rc(icπ)

}
/(log(r) + iπ)

]
+

−(1/2π)
∫ ∞

0

exp(−rt)dr/
[
1 + A

{
rfexp(−ifπ)− rc(−icπ)

}
/(log(r)− iπ)

]
=

= (1/2iπ)
∫ ∞

0

exp(−rt)dr
{
1/

[
1 + A

{
rfexp(ifπ)− rc(icπ)

}
/(log(r) + iπ)

]
+

(A1')

−1/
[
1 + A

{
rfexp(−ifπ)− rc(−icπ)

}
/(log(r)− iπ)

]}

where A = γ/β(f − c). (A1') is an integral whose integrand is the di�er-
ence of two ratios of complex conjugate numbers which leads to an imaginary
expression this, in turn gives, after straightforward computations,

ψ(t) = (1/π)
∫ ∞

0

exp(−rt)
{[

Arf sin(fπ)−Arc sin(cπ)
]
log(r)+

(A2)

−π
[
Arf cos(fπ)−Arc cos(cπ)

]}
dr/

{[
Arf cos(fπ)−Arc cos(cπ) + log(r)

]2
+

[
Arf sin(fπ)−Arc sin(cπ) + π

]2}

The expression (A2) gives ψ(∞) = 0, as one may verify also with the EVT
applied to Ψ(s) since 1 > f > c > 0. With the EVT we �nd also ψ(0) = ∞1−c

and ψ(∞) = 01−f .
Concerning the direct problem and formula (10) we integrate K(s)exp(st)

along the path of �gure 6, which gives an integral whose integrand is the dif-
ference of two ratios of complex conjugate numbers. This di�erence leads to an
imaginary expression of the integrand which in turn gives:

κ(t) = LT−1
[
(sb − sa)/slog(s)

]
= (1/π)

∫ ∞

0

exp(−rt)
[
rb−1(log(r sin(bπ))−

(A2')

+π cos(bπ))− ra−1(log(r sin(aπ))− π cos(απ))
]
dr/

[
(log(r))2 + π2

]

(A2') gives κ(∞) = 0, as one may verify also with the EVT applied to K(s)
since 1 > b > a > 0.

With the EVT we obtain also κ(0) = ∞b, κ(∞) = 0a.
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Concerning the di�usion of pressure we must compute the LT−1
∑

(s)appearing
in (26), which we report here

σ(t) = LT−1
∑

(s)

(A3)
∑

(s) = exp
[
−x

(
v(sf+1 − sc+1)/(f − c)log(s)

)1/2
]

We �rst note that
∑

(0) = 1,
∑

(1) = 1 and integrate
∑

(s)exp(st) again
along the path of �gure 6 �nding

σ(x, t) = (1/2iπ)
{∫ 0

∞
(exp(−rt))exp(−xC

{−rf+1 cos(fπ) + rc+1 cos(cπ)+

+i
[−rf+1 sin(fπ) + rc+1 sin(cπ)

]}1/2
/ {log(r) + iπ}1/2)dr+

(A4)

−
∫ ∞

0

(exp(−rt))exp(−xC
{−rf+1 cos(fπ) + rc+1 cos(cπ)+

+i
[−rf+1 sin(fπ) + rc+1 sin(cπ)

]}1/2
/ {log(r)− iπ}1/2)dr

}

C = (γ/(f − c))1/2

which leads to the integral of the di�erence of two exponentials whose expo-
nents are ratios of complex conjugate numbers which in turn gives an imaginary
expression ; after straightforward computations, we obtain

u(x, t) = (1/π)P ?

∫ ∞

0

exp(−rt)

(A5)

exp
[
W (U2 + V 2)1/4 cos((0.5) tan−1(V/U))

]
sin((0.5) tan−1(V/U))

where

l = rf cos(fπ)− rc cos(cπ), m = rf sin(fπ)− rc sin(cπ)

W = −xC(r/((log(r))2 + π2)1/2), U = −l log(r)−mπ, V = −mlog(r) + lπ

It is seen that (A4) gives σ(∞) = 0, which is veri�ed with the EVT applied
to

∑
(s) since 1 > f > c > 0. With the EVT it is also seen that σ(0) = 0.
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Figure captions

Figure 1. Imaginary part of the complex dielectric or anelastic parameter
for several values of the parameters de�ning it in formula (6). In all curves
is assumed b = f , c = a, η/β = 1. In the solid curve γ/(b − a)η = 0.5,
α/β(b − a) = 1, in the dashed curve γ/(b − a)η = 0.05, α/β(b − a) = 1; also
b = 0.6, a = 0.5. The curve with γ/(b − a)η = 0.005, α/β(b − a) = 1, would
overlap the solid one. The dotted curve is with a = 0.2, b = 0.3 and has the
other parameter values as the solid curve. The abscissa is frequency.

Figure 2. Real part of the complex dielectric or anelastic parameter for
several values of the parameters de�ning it in formula (6). In all curves is
assumed b = f , c = a, η/β = 1. In the solid curve γ/(b−a)η = 0.5, α/β(b−a) =
1, in the dashed curve γ/(b − a)η = 0.05, α/β(b − a) = 1. The curve with
γ/(b − a)η = 0.005, α/β(b − a) = 1, would overlap the solid one. The dotted
curve is with a = 0.2, b = 0.3 and has the other parameter values as the solid
curve. The abscissa is frequency.

Figure 3. Imaginary part of the complex dielectric or anelastic parameter
de�ned in formula (6) ; the interval of integration is de�ned by a = 0.2, b = 0.8.
In all curves is assumed b = f , c = a, η/β = 1, γ/(b− a)η = 0.02, α/β(b− a) =
1.The dashed curve is obtained from the classic formula (35) of Cole and Cole
(1941) with parameters ε0 = η/β = 1and ε∞/ε0 = γ/η = 0.02, α/β = 1,
a′ = 0.5. Note that a′ = (a + b)/2. The abscissa is frequency.

Figure 4. Real part of the complex dielectric or anelastic parameter de�ned
in formula (6) ; the interval of integration is de�ned by a = 0.2, b = 0.8. In all
curves is assumed b = f , c = a, η/β = 1, γ/(b− a)η = 0.02, α/β(b− a) = 1.The
dashed curve is obtained from the classic formula (35) of Cole and Cole (1941)
with parameters ε0 = η/β = 1and ε∞/ε0 = γ/η = 0.02, α/β = 1, a′ = 0.5.
Note that a′ = (a + b)/2. The abscissa is frequency.

Figure 5. Filtering properties of the memory in equation (6') and (16) and
discussion of fast and slow di�usion. The abscissa is frequency in arbitrary
units. The ordinate is in arbitrary units. The asymptotic �ltering properties
are obtained from equation (23'). The fast and slow di�usion are obtained for
f < b (diverging to an in�nite value for ω →∞) and f > b (converging to zero
for ω →∞) respectively. When b = f = 0 and α = 0 the curve is converging to
zero for ω →∞.

Figure 6. Path of integration in the complex plane used to obtain the LT−1of
Ψ(s) and Ω(s) (formulae (7)), K(s) (formula (10)) and

∑
(s) (formula (26)).
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